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Abstract

Using three-dimensional gyro-fluid simulations, we revisit the problem of Alfvén-wave (AW) collisions
as building blocks of the Alfvénic turbulent cascade and their interplay with magnetic reconnection
at magnetohydrodynamic (MHD) scales. Depending on the large-scale value of the nonlinearity pa-
rameter χ0 (the ratio between AW linear propagation time and nonlinear turnover time), different
regimes are observed. For strong nonlinearities (χ0 ∼ 1), turbulence is consistent with a dynamically

aligned, critically balanced cascade—fluctuations exhibit a scale-dependent alignment sin θk⊥
∝ k

−1/4
⊥ ,

resulting in a k
−3/2
⊥ spectrum and k‖ ∝ k

1/2
⊥ spectral anisotropy. At weaker nonlinearities (small χ0),

a spectral break marking the transition between a large-scale weak regime and a small-scale k
−11/5
⊥

tearing-mediated range emerges, implying that dynamic alignment occurs also for weak nonlinearities.
At χ0 < 1 the alignment angle θk⊥

shows a stronger scale dependence than in the χ0 ∼ 1 regime,

namely sin θk⊥
∝ k

−1/2
⊥ at χ0 ∼ 0.5, and sin θk⊥

∝ k−1
⊥ at χ0 ∼ 0.1. Dynamic alignment in the weak

regime also modifies the large-scale spectrum, scaling approximately as k
−3/2
⊥ for χ0 ∼ 0.5 and as

k−1
⊥ for χ0 ∼ 0.1. A phenomenological theory of dynamically aligned turbulence at weak nonlineari-

ties that can explain these spectra and the transition to the tearing-mediated regime is provided; at
small χ0, the strong scale dependence of the alignment angle combines with the increased lifetime of
turbulent eddies to allow tearing to onset and mediate the cascade at scales that can be larger than
those predicted for a critically balanced cascade by several orders of magnitude. Such a transition to
tearing-mediated turbulence may even supplant the usual weak-to-strong transition.

1. INTRODUCTION

A wide range of space and astrophysical systems host
turbulent plasmas (e.g., Quataert & Gruzinov 1999;
Schekochihin & Cowley 2006; Bruno & Carbone 2013).
The turbulent cascade transfers energy from the injec-
tion scales down to dissipation scales, where it is con-
verted into heat and non-thermal particles, thus regulat-
ing the energetics and/or dynamics of a system. In the
last decades, the properties of cascading fluctuations in
weakly collisional plasmas have been explored in unprece-
dented detail thanks to in-situmeasurements from space-
craft missions in the solar wind (e.g., Goldstein et al.
1995; Alexandrova et al. 2009, 2021; Podesta et al. 2009;
Sahraoui et al. 2010, 2020; Wicks et al. 2010, 2013; Chen
2016; Bruno & Carbone 2013; Chen et al. 2020; Kasper
et al. 2021).
At large (“fluid”) scales, the cascade may be described

as MHD turbulence, with the building blocks of its
Alfvénic component being interactions between counter-
propagating Alfvén waves (e.g., Iroshnikov 1963; Kraich-
nan 1965; Goldreich & Sridhar 1995; Howes & Nielson
2013; Oughton & Matthaeus 2020). This Alfvénic cas-
cade is naturally anisotropic with respect to the mean-
magnetic-field direction, with field-parallel wavenumbers
much less than their field-perpendicular counterparts,
k‖ ≪ k⊥. Assuming a critical balance (CB) between
the fluctuations’ linear and nonlinear timescales, this cas-
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cade was originally predicted by Goldreich & Sridhar

(1995) to exhibit a perpendicular spectrum ∝k
−5/3
⊥ and

a spectral anisotropy k‖ ∝ k
2/3
⊥ , to which corresponds

a parallel spectrum ∝k−2
‖ . Still within the CB assump-

tion, the continuous shearing of fluctuations in the field-
perpendicular plane associated with interactions between
counter-propagating AW packets was later taken into ac-
count by Boldyrev (2006), postulating that fluctuations
would be subject to a scale-dependent “dynamic align-
ment” (or anti-alignment) whose angle θk is such that

sin θk ∝ k
−1/4
⊥ . This effect results in a 3D anisotropy of

the turbulent fluctuations and a cascade whose spectrum

follows k
−3/2
⊥ , with a k‖ ∝ k

2/3
⊥ spectral anisotropy (the

k−2
‖ spectrum being unaltered; in this case, k⊥ is related

to the shortest length-scale λ of these 3D-anisotropic ed-
dies, which is perpendicular to both the mean-field and
magnetic-fluctuation direction; see §4).
Another fundamental aspect of plasma turbulence is

the formation of current sheets (CSs), either as a result
of large-scale, broad-band injection (e.g., Politano et al.
1995; Biskamp & Müller 2000; Zhdankin et al. 2013; Sisti
et al. 2021) or of direct AW-packet interactions (e.g.,
Pezzi et al. 2017; Verniero et al. 2018; Ripperda et al.
2021). If sufficiently thin and long lived, these CSs can be
disrupted by tearing and/or magnetic reconnection (e.g.,
Carbone et al. 1990; Servidio et al. 2011; Zhdankin et al.
2015; Agudelo Rueda et al. 2021; Ripperda et al. 2021),
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processes that have been suggested to mediate the non-
linear energy transfer at both MHD (e.g., Carbone et al.
1990; Boldyrev & Loureiro 2017; Mallet et al. 2017b;
Comisso et al. 2018; Dong et al. 2018; Tenerani & Velli
2020) and kinetic (e.g., Cerri & Califano 2017; Franci
et al. 2017; Loureiro & Boldyrev 2017; Mallet et al.
2017a) scales. When this disruption occurs, we refer to
the resulting turbulence as a “tearing-mediated” cascade,
whose range at resistive-MHD scales is characterized by

a steep k
−11/5
⊥ spectrum. The conditions under which a

critically balanced, dynamically aligned cascade can mu-
tate into a tearing-mediated cascade at a transition scale
λ∗ ∼ (k∗⊥)

−1 rely on two criteria: (i) that turbulent ed-
dies are sheared in the field-perpendicular direction to set
up a tearing-unstable configuration, and (ii) that these
eddies live long enough to allow the tearing instability to
grow and disrupt them. While the latter condition de-
pends upon the material properties of the plasma (e.g.,
the resistivity η), the former is a consequence of the dy-
namic alignment of turbulent fluctuations that produces
eddy anisotropy in the field-perpendicular plane.
In the fluid regime, the coexistence of a turbulent MHD

inertial range with a steeper tearing-mediated regime at
smaller (but still, fluid) scales has been evidenced within
two-dimensional (2D) simulations (Dong et al. 2018).
In 3D, MHD simulations of the plasmoid instability in
an inhomogeneous reconnection layer, leading to a self-
sustained turbulent state, have however only reproduced
the “small-scale regime” (Huang & Bhattacharjee 2016).
A still-debated point concerns the existence of a tearing-
mediated regime in 3D, where there are steep resolution
requirements to separate clearly a so-called “disruption
scale” (at which a tearing-mediated cascade would begin)
from the actual dissipation scale when broad-band fluctu-
ations are injected in the system. Here, we approach this
problem by investigating interactions between counter-
propagating AW packets. In this context, reduced mod-
els such as the two-field gyro-fluid (2fGF) model (Pas-
sot et al. 2018; Passot & Sulem 2019; Miloshevich et al.
2021; Passot et al. 2022) can be extremely useful for iso-
lating and modelling purely Alfvénic turbulence, without
being affected by other modes and/or a plethora of ki-
netic effects (e.g., Howes et al. 2011; Told et al. 2015;
Matthaeus et al. 2016; Cerri et al. 2017, 2018, 2021;
Grošelj et al. 2017; Perrone et al. 2018; Arzamasskiy et al.
2019; González et al. 2019; Squire et al. 2022).
In this work we provide the first evidence of a tearing-

mediated cascade occurring at MHD scales due to the
interaction of counter-propagating 3D AW packets. For
weak initial nonlinearities, χ0 < 1, dynamic alignment
of the relatively long-lived fluctuations leads to a strong,
tearing-mediated cascade that replaces the more custom-
ary weak-to-strong turbulence transition. At χ0 ∼ 1, a
dynamically aligned, strong MHD turbulent regime es-
tablishes instead; a tearing-mediated cascade may even-
tually emerge, but not at the Lundquist numbers we are
able to explore numerically. New scalings for weak turbu-
lence subject to dynamic alignment and for the relevant
transition scales are also provided.

2. TWO-FIELD GYRO-FLUID SIMULATIONS

2.1. Model equations

To investigate nonlinear interactions between AW
packets and the resulting multi-scale turbulent cascade,
we employ the two-field gyro-fluid (2fGF) model (Pas-
sot et al. 2018), in which small-amplitude, low-frequency
fluctuations are taken to be spatially anisotropic with re-
spect to a mean magnetic field (viz. k⊥ ≫ k‖, where k⊥
and k‖ are the wavenumbers perpendicular and parallel
to the mean field, respectively). Although this model in
general includes the finite inertia of the electrons, here
we consider scales such that k⊥de ≪ 1, where de is the
electron skin depth. Finite electron-inertia effects can
then be neglected and the equations for the number den-
sity of electron gyro-centers, Ne, and the field-parallel
component of magnetic potential, A‖, read

∂ Ne

∂t
+ [ϕ,Ne] − [Bz, Ne] +

2

βe
∇‖∆⊥A‖ = 0 , (1)

∂ A‖

∂t
+ ∇‖ (ϕ−Ne −Bz) = 0 , (2)

where the Poisson bracket of two fields F and G is
defined as [F,G]

.
= (∂xF )(∂yG) − (∂yF )(∂xG), ∆⊥

.
=

∂xx + ∂yy is the Laplacian operator acting perpendic-
ular to B0

.
= B0ez, and the electrostatic potential ϕ

and parallel magnetic-field fluctuations Bz are related
by Bz = M1ϕ and Ne = −M2ϕ. The operators M1 and

M2 are represented in Fourier space by M̂1
.
= L−1

1 L2 and

M̂2
.
= L3+L4L

−1
1 L2, where L1

.
= 2/βe+(1+2τ)(Γ0−Γ1),

L2
.
= 1 + (1 − Γ0)/τ − Γ0 + Γ1, L3

.
= (1 − Γ0)/τ , and

L4
.
= 1−Γ0+Γ1. Here, βe = 8πn0Te0/B

2
0 is the electron

plasma beta, τ = Ti0/Te0 is the ion-to-electron temper-
ature ratio (so βi = τβe), and Γn(b)

.
= In(b) exp(−b),

with In being the first-type modified Bessel function of
order n and argument b

.
= k2⊥ρ

2
i /2 (ρi

.
= vth,i/Ωi0 is the

ion gyro-radius and vth,i
.
=

√
2Ti0/mi the ion thermal

speed). Equations (1) and (2) are normalized in terms
of the ion-cyclotron frequency Ωi0

.
= eB0/mic and the

ion-sound gyro-radius ρs
.
= cs/Ωi0, where cs

.
=

√
Te0/mi

is the ion-sound speed.
The 2fGF model effectively reproduces the so-called re-

duced magnetohydrodynamics (RMHD), or Hall reduced
magnetohydrodynamics (HRMHD) if τ ≪ 1, when em-
ployed at perpendicular scales much larger than the ion
gyro-radius, k⊥ρi ≪ 1 (see Passot & Sulem 2019, for
various limits of the 2fGF model). The exact linear
eigenmodes of the 2fGF system are given by the gener-

alised Elsässer potentials, µ± .
= Λϕ ±

√
2/βeA‖, where

Λ
.
= (−∆⊥)

−1/2(1 +M2 −M1)
1/2M

1/2
2 . The associated

generalized Elsässer fields are z
∓ = ez ×∇µ±; they re-

duce to the usual Elsässer (1950) fields in the MHD limit.

2.2. Simulation setup

Equations (1) and (2) are discretized and solved on a
6723 grid for a βe = βi = 1 plasma in a periodic cu-

bic box of length L0 = 2πρs × ℓ̃0 with ℓ̃0 = 336.1 A

1 The numerical implementation of the 2fGF model adopts “con-
tracted variables”, i.e., quantities along the mean-field direction are
re-scaled according to a gyro-fluid ordering parameter ǫ ≪ 1. For

example, L
(code)
z = ǫL

(real)
z and k

(code)
z = ǫ−1k

(real)
z . We have

verified that an explicit choice of ǫ does not affect the following
analysis.
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Figure 1. Left: time evolution of the root-mean-square (rms) current density, Jrms (normalized to J0 = Jrms(t = 0); time is normalized
to the time of peak activity τ∗). The inset reports the (measured) number of collisions N∗

int = τ∗/τint = 3τ∗/τA required to reach the
peak of turbulent activity as a function of initial non-linearity parameter χ0, showing that a fully developed turbulent state is achieved on
a timescale shorter than the one associated with the usual weak scaling (using the estimate τ∗ ∼ 3 τnl, dotted line is 9/χ0; a dashed line

9/χ2
0 based on the estimate τ∗ ∼ 3 τcasc is also given for reference). Right: time evolution of the rms Elsässer fields, z±rms (normalized to

z±0 = z±rms(t = 0)). The inset shows the time evolution of the rms non-linearity parameter χrms.

combination of second-order Laplacian dissipation (with
resistivity η) and eighth-order hyper-dissipation opera-
tors removes energy close to the grid scale. Our choice
of this operator combination and of their coefficients is
such that (i) the dissipation scale is always above the ion
scales, kdissρi . 1, so that the inertial range of the cas-
cade lies in the RMHD regime, and (ii) reconnection, at
least at small values of χ0 < 1, is driven by the Laplacian
resistivity η, i.e., there is enough range for a correspond-
ing tearing-mediated cascade before achieving complete
energy dissipation within the resolution thanks to the
hyper-resistivity.2 Nevertheless, we anticipate some dif-
ferences at χ0 ∼ 1 versus χ0 < 1, especially in that we
do not expect to resolve k∗ (as predicted by Loureiro &
Boldyrev (2017) and Mallet et al. (2017b)) when χ0 ∼ 1.
Two counter-propagating AW packets are initialized

from the following potentials:

µ± = µ±
0

sin(k±
0 · x+ ψ±)

|k±
⊥,0|

exp

[
−
1

2

(
z − ζ±0
σ±
z

)2
]
,

(3)
where µ±

0 and k
±
0 = k±z,0ez + k

±
⊥,0 are the initial ampli-

tude and wavevector of the packets (centered at z = ζ±0
with standard deviation σ±

z ), and ψ
± is a random phase.

The packets’ initial positions and widths are ζ+0 = L0/4,

ζ−0 = 3L0/4, and σ±
z = ℓ̃0/3. All simulations have the

same initial amount of energy in the two Elsässer fields,
viz.

∫
|z+|2dx =

∫
|z−|2dx, which is initially carried by

modes k
+
0 L0/2π = (1, 0, 1) and k

−
0 L0/2π = (0, 1,−2).

The slight asymmetry in k±z,0 causes a minor imbalance

during the subsequent evolution (of order . 5%; Fig-
ure 1, right panel). This is consistent with the von-
Karman–Howarth decay law (e.g., Wan et al. 2012, and
references therein), i.e., d(z±)2/dt ∝ −(z∓/λ±)(z

±)2,

2 This has been verified by running more than 50 simulations on

a 5603 grid (keeping the resolution fixed by reducing ℓ̃0) testing
different combinations of dissipation operators and finding their
optimal coefficients.

with the similarity length estimated as λ± ∼ 1/k±0 (im-
plying a slightly faster decay of z− in our setup).
Three different regimes defined by the initial non-

linearity parameter of the AW packets are considered:
χ0 ∼ 0.1, ∼0.5, and ∼1, where χ0 = τlin/τnl ≈
(k⊥,0δB⊥,0)/(kz,0B0) (e.g., see Miloshevich et al. 2021).
The associated Lundquist numbers defined using the
(second-order) resistivity S0 = L0vA/η are ≈ 1.7 × 106,
≈3.3 × 105, and ≈1.7 × 105, respectively; these corre-
spond to the same magnetic-Reynolds number Rm

.
=

L0urms/η ≈ 2.2 × 105 for all simulations. Note that
achieving these values for the Lundquist and magnetic-
Reynolds numbers associated to the Laplacian resistiv-
ity has been only possible by simultaneously employing
an eighth-order hyper-dissipation operator (whose coeffi-
cient has been carefully chosen following a detailed con-
vergence study).

2.3. Timescales of the problem

There are three important timescales that govern the
dynamics of the cascade. The first is the interaction time
defined by τ−1

int = (τ+lin)
−1 + (τ−lin)

−1 = (2π)−1(k+‖ vA +

k−‖ vA), the time between two consecutive collisions of

AW packets. In our setup, τint = τA/3, where τA
.
=

L0/vA is the Alfvén crossing time. The second timescale
is τ∗, the time at which the turbulence reaches its “peak
activity”, estimated as a multiple N∗ of the nonlinear
timescale τnl ≈ τA/χ0. Note that smaller values of χ0

correspond to larger τnl. Usually, a few nonlinear times
are required to reach a peak in the root-mean-square
(rms) current density, Jrms (e.g., Servidio et al. 2011); we
find N∗ ≈ 3 in our simulations. Fully developed turbu-
lence should thus be reached after N∗

int = τ∗/τint ∼ 9/χ0

collisions (Figure 1, left-panel inset, dotted line). This
number is noticeably smaller than implied by standard
weak-turbulence estimates, for which τ∗ would be a few
cascade times; e.g., by analogy, if τ∗ ∼ 3τcasc ≈ 3τnl/χ0,
then N∗ ∼ 9/χ2

0 (inset, dashed line). The difference be-
tween the data and the weak-turbulence estimate mo-
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tivates the introduction of a third timescale, the in-
verse growth rate of the tearing instability, (γt)−1. If
γtk∗

τnl,k∗
& 1 at some scale k∗, the tearing instability is

able to feed off of the associated current sheet in the cas-
cade before the host eddy decorrelates through nonlinear
interactions. Such a transition scale in the strong χ0 ∼ 1
regime of MHD turbulence has been shown to scale as

k∗L0 ∝ S
4/7
0 by a number of authors (e.g., Loureiro &

Boldyrev 2017; Mallet et al. 2017b; Comisso et al. 2018).
Because τnl is larger for smaller χ0, this tearing condi-
tion should be easier to satisfy at larger scales (smaller
k∗) for weak nonlinearities than in strong turbulence.
The idea that a tearing-mediated range could emerge
within a weakly nonlinear cascade also relies implicitly
on the fact that, analogously to what was postulated
by Boldyrev (2006) for strong turbulence, some sort of
dynamic alignment of turbulent fluctuations occurs in
the weak regime as well, so that the fluctuations become
3D anisotropic. In §3.1.3 we show that this is indeed
the case, and that the observed scalings (which differ
significantly from those predicted for strong turbulence
by Boldyrev 2006) can be explained by a phenomeno-
logical theory for dynamically aligned weak turbulence
(§4.1). This argument is one motivation for our focus
on χ0 < 1, since it implies that less numerical resolu-
tion is required to realize tearing-mediated turbulence
at small χ0 than within a dynamically aligned, critically
balanced state having χ0 ∼ 1 (§4.2). We will addition-
ally argue that CB is induced by reconnection in the
tearing-mediated range, and that this may explain both
the observed fluctuations’ scaling in this range and the
reduced number of AW-packets interactions, N∗

int ∝ χ−1
0

instead of N∗
int ∝ χ−2

0 , needed to achieve the peak activ-
ity at low χ0 (§4.3).

3. NUMERICAL RESULTS

Simulations are performed for a few τ∗ (Figure 1), cor-
responding to a large number of AW-packet collisions

(e.g., N
(tot)
int ≈ 200 at χ0 ∼ 0.1). If not stated otherwise,

fluctuations’ properties are determined by averaging over
a time interval ∆t ≈ 0.8τ∗ around peak-activity.

3.1. Fluctuations’ properties at peak activity

As AW packets shear one another in the plane per-
pendicular to B0, they generate strong CSs. Each inter-
action increases the magnetic shear in the CSs, thus in-
creasing Jrms until “peak activity” is eventually achieved.

3.1.1. Current-sheet disruption and AW-packets’ structure

Figure 2 shows perpendicular magnetic-field fluctua-
tions, δB⊥/Brms, both in the x-z plane (left column)
and in the x-y plane (right column) at t/τ∗ ≃ 1.35, af-
ter turbulence has developed. At this time, AW packets
are still clearly distinguishable in the x-z plane (left col-
umn), with more fine-scale structure visible within the
packets with increasing χ0 (top to bottom). These are
related to CS structures formed through AW-packet col-
lisions (e.g., Pezzi et al. 2017; Verniero et al. 2018), which
are then affected by tearing instability occurring within
them. At χ0 ∼ 0.1, they are well localized in x and have
essentially no structure along z (Figure 2, top left panel).
The occurrence of finer structures along z (corresponding

to the generation of small-k‖ scales; see §3.1.2) increases
with increasing χ0 (Figure 2, middle left and bottom left
panels, respectively). While the bulk of the AW pack-
ets are still distinguishable in all regimes, the structure
of δB⊥ in the plane perpendicular to B0 exhibits clear
differences. The “relics” of disrupted CSs are especially
recognizable at χ0 ∼ 0.1, where δB⊥ fluctuations indeed
resemble small-scale, plasmoid-like structures in 2D (i.e.,
quasi-circular magnetic structures referred to as “mag-
netic islands” in 2D, which in 3D actually manifest as
flux ropes; Figure 2, top right panel). At χ0 ∼ 0.5, such
structures are also visible, although δB⊥ fluctuations are
now less organized into plasmoid-like structures within
the disrupted CSs (this difference reflects on the low-
k⊥ part of the δB⊥ energy spectrum; see §3.1.2). δB⊥

fluctuations are clearly different at χ0 ∼ 1, where no
large-scale CS structures are distinguishable in the per-
pendicular plane (Figure 2, bottom right panel): this is
qualitatively similar to 3D turbulence arising from broad-
band injection (see, e.g., Figure 1 of Cerri et al. 2019).

3.1.2. Fluctuations’ spectrum and anisotropy

As a result of AW interaction and CS disruption, a
cascade of δB⊥ fluctuations develops (Figure 3). At
χ0 ∼ 0.1 and ∼0.5 (green and blue curves, respectively),
the δB⊥ energy spectra exhibit a break at k⊥ρi ≈ 0.05
(Figure 3, top-left panel), which we identify as the tran-
sition scale k∗. Both simulations indeed show a “small-
scale” MHD spectrum below k∗ proportional to k−α

⊥ with
spectral index 2.1 . α . 2.3 (Figure 3, bottom-left
panel), consistent with predictions for tearing-mediated

turbulence (viz., between k
−11/5
⊥ and k

−19/9
⊥ ; see, e.g.

Mallet et al. 2017b; Boldyrev & Loureiro 2017; Comisso
et al. 2018; Tenerani & Velli 2020). Such a spectral break
is instead not present in the χ0 ∼ 1 case, consistent with
the expectation that strong turbulence would require a
larger S0 to resolve k∗ (see §4.2). At k⊥ρi . 0.05, how-
ever, the two regimes develop a different power law (al-
though of limited extent), close to −3/2 at χ0 ∼ 0.5
and to −1 at χ0 ∼ 0.1. Although it would be appeal-
ing to interpret the −3/2 spectrum within the context
of a dynamically aligned, strong MHD turbulent cas-
cade (Boldyrev 2006; Chandran et al. 2015; Mallet &
Schekochihin 2017), we found χk < 1 at k⊥ < k∗ (not
shown). Analogously, the −1 spectrum may be due to a
not-yet-developed large-scale turbulent state, or perhaps
to non-local transfer between the AW packets and the
disruption scale through CS structures (cf. Figure 4 in
Franci et al. 2017). Nevertheless, fluctuations at both
χ0 ∼ 0.1 and ∼0.5 show a spectral anisotropy k‖/k⊥
consistent with the weak-turbulence regime at k⊥ < k∗
(i.e., k‖ ≈ const; Figure 3, right panel). A possible al-
ternative explanation for the above spectra in terms of
dynamic alignment in weak turbulence is provided in §4.

On the other hand, the formation of a k
−3/2
⊥ spectrum

at χ0 ∼ 1 (Figure 3, left panels, red curve) is consis-
tent with dynamic alignment in strong MHD turbulence.
This seems to be confirmed by the measured spectral

anisotropy k‖ ∝ k
1/2
⊥ (Figure 3, right panel).

3.1.3. Fluctuations’ alignment angle

As anticipated in §2.3, the possibility to activate a
tearing-mediated cascade relies not only on the fact that
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Figure 2. Iso-contours of δB⊥/Brms in the x-z plane at y = L0/2 (left column) and in the x-y plane at z = L0/2 (right column), at
t/τ∗ ≃ 1.35 (in the developed turbulent regime) for initial non-linearity parameter χ0 ∼ 0.1, ∼0.5 and ∼1 (from top to bottom). Recall
that B0 is along z. Insets: iso-contours of δB⊥/Brms averaged over z (see Supplemental Material for animations).
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Figure 3. Left: δB⊥ energy spectrum and its local slope versus k⊥ρi. Spectra are time-averaged over 0.9 . t/τ∗ . 1.7. Right: spectral
anisotropy k‖/k⊥ averaged over the same time interval [k‖(k⊥) is obtained using the method presented in Cho et al. (2002)]. Relevant
power laws are provided for reference.

turbulent eddies are sheared in the field-perpendicular
direction to set up a tearing-unstable configuration, but
also on the requirement that these eddies live long enough
to allow tearing instability to grow and disrupt them.
The former is a consequence of the dynamic alignment
of turbulent fluctuations in that plane, which ultimately
gives the fluctuations a 3D spectral anisotropy. However,
once reconnection sets in, the effect of the eddies’ disrup-
tion by the tearing instability is to interrupt the achieved
cascade-induced alignment by producing plasmoid-like
structures (i.e., replacing the elongated sheet-like struc-
ture of the eddy in the field-perpendicular plane with
quasi-circular magnetic islands—flux ropes, in 3D); this
process instead increases the alignment angle (i.e., pro-
duces “misalignment”; see, e.g. Mallet et al. 2017b;
Boldyrev & Loureiro 2017; Comisso et al. 2018). This
is interpreted by Mallet et al. (2017b) in terms of a dis-
crete and recursive view of the cascade: once the cascade
enters the tearing-mediated range λ . λ∗, there will be
a “reset” of the fluctuations’ alignment angle and ampli-
tude due to the eddy disruption—increasing the former
and decreasing the latter—followed by a range in which
these fluctuations cascade further towards smaller scales
while re-aligning until the condition for tearing-induced
disruption is achieved, again “resetting” the alignment
and amplitude, and so on until dissipation sets in (see
discussion in their § 6). On the other hand, Boldyrev
& Loureiro (2017) and Comisso et al. (2018) assume
that, below λ∗, the fluctuations will keep mis-aligning
with decreasing scale, with the scaling sin θλ ∝ λ4/5.
This scaling is based solely on the physics of tearing
instability, i.e., on the scalings of the nonlinear Coppi
mode (Coppi et al. 1976), and thus formally belongs
to a pure tearing-mediated cascade (i.e., occurring ho-
mogeneously in space and time). While the recursive-
disruption view of Mallet et al. (2017b) conceptually re-
quires recursive (re-)alignment of the fluctuations, it is
also clear that the scalings pertaining to the pure tearing-
mediated-range view of Boldyrev & Loureiro (2017) and

Comisso et al. (2018) unambiguously imply dynamic mis-
alignment. These two interpretations are not incompat-
ible in term of the resulting fluctuations’ spectrum, but
they would be in terms of the effective scale-dependent
alignment angle that is measured.
We offer here a different point of view. One can actu-

ally think about the ensemble of turbulent fluctuations
as dynamically aligning and mis-aligning through tear-
ing in a patchy fashion in space and time (thus likely
resulting in a complicated convoluted state when glob-
ally averaged over the ensemble). Here, we illustrate this
patchy-in-time behavior by distinguishing between those
periods when the AW packets are shearing one another
during their interaction (“overlap”) and those periods
during which the AW packets are instead far apart (“free
cascade”). This will demonstrate that both states, a dy-
namically aligned cascade and a tearing-mediated mis-
aligning cascade, are recursively realized in time. On
the other hand, by performing the same time average as
done for the fluctuations’ spectra (which are indeed not
affected by distinguishing between the above stages), we
have found that sin θλ exhibits ambiguous scalings (not
shown). For our setup, viz. AW-packet collisions, tak-
ing into account the patchiness in space appears to be
less important (especially in the χ0 ∼ 0.1 regime, where
the largest-scale fluctuations affect much less the tearing-
mediated regions). However, we expect that in simula-
tions with broad-band injection, this spatial patchiness
should be carefully taken into account in order to cap-
ture the correct scalings of mis-alignment in the tearing-
mediated range.
Analogously to the calculation of wavenumber

anisotropy (Cho et al. 2002), we estimate the alignment
angle θ between the velocity- and magnetic-field fluctu-
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Figure 4. Variation of the alignment angle with scale for different initial values of the nonlinearity parameter χ0 and at different times
within developed turbulence (0.9 . t/τ∗ . 1.7): sin(θ) versus k⊥ρi at times when AW packets spatially overlap (top row) and when they are
far apart (bottom row). Scale-dependent alignment is computed using Equation btw, (4). Relevant power laws are provided for reference.

ations at k⊥ using3

sin θk⊥
=

〈
∑

k≤k⊥<k+1 |δu⊥,λ × δb⊥,λ|〉

〈
∑

k≤k⊥<k+1 |δu⊥,λ||δb⊥,λ|〉
, (4)

where the perpendicular direction is defined with respect
to a scale-dependent mean field, 〈B〉λ, obtained by elim-
inating modes with k⊥ > k/2 ∼ 1/(2λ) from B. Re-
sults for different simulations are shown in Figure 4,
where we distinguish between the two main phases dis-
cussed above. During the interaction of the AW pack-
ets (“overlap”; top row), fluctuations get highly sheared
and sin θk⊥

clearly shows their tendency to align at de-
creasing scales. In the χ0 ∼ 1 case, fluctuations align

such that sin θk⊥
∼ k

−1/4
⊥ , which matches the predic-

tion by Boldyrev (2006). The cases with smaller val-
ues of χ0, on the other hand, exhibit stronger alignment:

roughly as k
−1/2
⊥ for χ0 ∼ 0.5 (perhaps reducing to k

−1/4
⊥

at the smallest scales), and something in between k−1
⊥

and k
−1/2
⊥ for χ0 ∼ 0.1 (with small-scale flattening in

some cases). This behavior may be explained by the
theory presented in §4.1. When AW packets are instead
far apart (“free cascade”; bottom row), the fluctuations’
dynamics is dominated by the tearing-mediated cascade
and sin θk⊥

exhibits a tendency to misalign. However,
while the χ0 ∼ 0.1 regime misaligns fluctuations roughly

as k
4/5
⊥ for k⊥ > k∗ (as predicted by Boldyrev & Loureiro

2017), the intermediate χ0 ∼ 0.5 case shows a slightly

3 In order to estimate sin θk⊥
correctly, it is important to employ

the averaging procedure 〈|δu⊥,λ × δb⊥,λ|〉/〈|δu⊥,λ||δb⊥,λ|〉 in-
stead of a normalized version 〈|δu⊥,λ × δb⊥,λ|/(|δu⊥,λ||δb⊥,λ|)〉.
This is needed to select the “dynamically relevant” fluctuations;
i.e., the averaging procedure should reflect the fact that, at a given
scale λ, the fluctuations that contribute the most to the turbulent
dynamics are those whose amplitudes are close to the rms value at
that scale; see discussion in Mason et al. (2006).

weaker misalignment at k⊥ > k∗ (somewhat between

k
3/5
⊥ and k

1/2
⊥ ). This weaker dependence of the align-

ment angle at χ0 ∼ 0.5 can be interpreted as the effect
of some non-negligible amount of the spatial patchiness
discussed above, which is present in this regime despite
our simple set up of AW-packet collisions (see Figure 2,
middle row). During this “relaxation” stage, we also ob-
serve a weak misalignment for χ0 ∼ 1, following approx-

imately k
1/3
⊥ (without any obvious spectral breaks). We

do not have any obvious explanation for this behavior at
the moment, and further investigation would be required
to address this point.

4. DYNAMIC ALIGNMENT AND RECONNECTION
IN WEAK ALFVÉNIC TURBULENCE

In this Section, we provide a phenomenological descrip-
tion of weak turbulence in which dynamic alignment is
occurring, and discuss its implications for possible transi-
tions to CB and/or to tearing-mediated turbulence. For
this purpose, we first establish our notation. Let us call λ
the perpendicular length of fluctuations in the direction
perpendicular to both the mean magnetic field at such
scale, 〈B〉λ, and the perpendicular (to 〈B〉λ) magnetic-
field fluctuations δb⊥,λ (in Alfvénic units). Then, ℓλ and
ξλ are the lengths of such fluctuations along 〈B〉λ and
along δb⊥,λ, respectively.

4 Quantities evaluated at the
injection scale are adorned with a “0” subscript. Fol-
lowing Fig. 3 of Boldyrev (2006), we define θλ as the
angle between the flow- and magnetic-field fluctuations
perpendicular to 〈B〉λ at scale λ, δu⊥,λ and δb⊥,λ, re-
spectively. At the same time, if 〈B〉λ differs from B0 by

4 This distinction between the two scale-dependent transverse
directions λ and ξ is neglected in Equation (4), consistent with the
assumption that angular spectral averaging makes the difference
between the variation scales transverse to the local field and the
ambient field subdominant.
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an angle θ̃λ, the angle between δuλ and 〈B〉λ is π/2− θ̃λ.

These two angles scale as θλ ∼ λ/ξλ and θ̃λ ∼ ξλ/ℓλ,
the total alignment angle between δuλ and δbλ being

φubλ ≃ (θ2λ + θ̃2λ)
1/2 (see §2 of Boldyrev 2006). In gen-

eral, dynamic alignment weakens non-linear interactions,
Nλ ∼ (δz+

·∇)δz− ∼ (δz−
·∇)δz+ ∼ φλδz

2
λ/λ, and si-

multaneously increases the cascade time τλ ∼ τ2nl,λ/τA ∼

τAφ
−2
λ (λ/ℓ0)

2(δz/vA)
−2, where now φλ is the angle be-

tween δz+
λ and δz−

λ , τA = ℓ0/vA and vA = vA,0 = const.5

[Note that, while we use the angle φλ (or, φubλ ) in the phe-
nomenological scaling, it is actually sinφλ (or, sinφubλ )
that enters the nonlinear term, so that its effect on non-
linearities is symmetric with respect to the fact that δz+

λ

and δz−
λ (or, δuλ and δbλ) can either align or counter-

align.] In the following, we assume balanced turbulence
at large scales6, |δz+|2 ≈ |δz−|2, so that φubλ scales as φλ,
and we use the alignment angle θλ between δu⊥,λ and
δb⊥,λ fluctuations as the relevant angle in the following
phenomenological scalings. In fact, we will see that the
scaling φubλ ∼ θλ holds in all cases of interest. Moreover,
θλ is the angle most relevant for the cascade of δb and δu
fluctuations [this can be seen from the non-linear terms,
e.g., (δu ·∇)δb, in which the contribution from δu‖,λ to

δu ·∇, which is the one associated with the angle θ̃λ, is
subdominant by a factor of k‖/k⊥ ≪ 1].

4.1. Dynamic alignment at weak nonlinearities

The fluctuations’ scaling laws are derived by assum-
ing a constant energy flux throughout each scale of the
inertial range, viz. δb2λ/τλ ∼ ε = const, and by adopt-
ing the weak-regime cascade time τλ ∼ τ2nl,λ/τA. Taking

into account alignment in τnl,λ ∼ λ/(θλδbλ), this leads

to δbλ/vA ∼ (εℓ0/v
3
A)

1/4 θ
−1/2
λ (λ/ℓ0)

1/2 and Eδb(λ) ∝

(εℓ0/v
3
A)

1/2 θ−1
λ (λ/ℓ0)

2. When alignment is neglected
one obtains the usual weak-turbulence scalings (hereafter

“W0”) δb
(W0)
λ ∝ λ1/2 and E

(W0)
δb (λ) ∝ λ2. This case

achieves CB at scale λ
(W0)
CB /ℓ0 ∼ (εℓ0/v

3
A)

1/2 ≈ χ0MA,0,
where MA,0 ∼ u0/vA is the Alfvénic Mach number at
injection.
Analogously to Boldyrev (2006), one can find a fam-

ily of parametric solutions for dynamically aligned weak

5 In general, it is not obvious whether one should define the align-
ment angle with respect to the fluctuations δuλ and δbλ or to the
Elsässer fields δz+

λ and δz−
λ . In fact, while both the original theory

by Boldyrev (2006) and a number of in-situ spacecraft measure-
ments and of simulations’ analyses focus on the former, showing
the tendency of δuλ and δbλ to align with decreasing scales (e.g.,
Mason et al. 2006, 2011; Matthaeus et al. 2008; Podesta et al. 2009;
Hnat et al. 2011; Perez et al. 2012), it should be the latter that di-
rectly enters the nonlinear term in the Elsässer formulation of the
MHD equations (i.e., it is the δz±’s that shear one another into
alignment; see, e.g., Beresnyak & Lazarian 2006; Beresnyak 2012;
Chandran et al. 2015; Mallet & Schekochihin 2017). Nevertheless,

dynamic alignment of both δuλ and δbλ, and of δz+
λ and δz−

λ are
indeed simultaneously taking place (e.g., Wicks et al. 2013; Mallet
et al. 2016). The angles between the two set of fields are ultimately
related by cross-helicity and residual energy, and both angles scale
with λ in the same way under certain circumstances (see, e.g.,
Schekochihin 2020, for a more detailed discussion on this matter).

6 Assuming balance at large scales does not imply that a scale-
dependent imbalance and residual energy is not present, and actu-
ally it can be seen from simple geometrical arguments that dynamic
alignment indeed requires that both develop along the cascade.

turbulence that depends on α ≥ 0, where α = 0 re-
turns the standard weak regime. In the weak regime
we can assume ℓλ = ℓ0 = const, which in turn implies

θ̃
(α)
λ θ

(α)
λ ∼ λ/ℓλ ∝ λ for any α. This condition leads to

the scalings θ
(α)
λ ∝ λα/(1+α) and θ̃

(α)
λ ∝ λ1/(1+α) for the

alignment angles. A summary of generalized scalings for
the relevant quantities and transition scales is provided
in Table 1; a detailed derivation will be provided in a
forthcoming dedicated paper. Here it is worth discussing
two limiting cases.
Using the maximal-alignment argument by Boldyrev

(2006), in which θ̃λ and θλ scale in the same way (as

does φubλ ), one obtains θλ ∼ θ̃λ ∝ λ1/2 (hereafter “WI”).
This case develops three-dimensional eddies with very
elongated “fettuccine”-like structure (λ decreases faster
than ξλ ∝ λ1/2, eventually attaining λ ≪ ξλ ≪ ℓ0).

This regime is characterized by a spectrum ∝k
−3/2
⊥ ,

as in Boldyrev (2006), but with k‖ ∼ const instead

of k‖ ∝ k
1/2
⊥ . In this “WI” case, CB is reached at

λ
(WI)
CB /ℓ0 ∼ εℓ0/v

3
A ∼ χ2

0M
2
A,0, i.e., at scales typically

smaller than those of “W0” due to weaker nonlinear-
ities induced by alignment. In this regard, we mention
that a ≈−3/2 spectrum had been observed previously in
high-resolution simulations of weak MHD turbulence by
Meyrand et al. (2015); in these simulations, such a spec-
trum was found either as a large-scale range before tran-
sitioning into a smaller-scale standard weak-turbulence
spectrum ∼k−2

⊥ , or as the fluctuations’ spectrum when
artificially removing k‖ = 0 modes (which indeed do not
belong to the weak regime). The authors also report the
emergence of strong intermittency, which they relate to
the presence of intense current sheets (and perhaps one
would recognize some plasmoid-like structures as well;
see their Figure 1), in the plane perpendicular to B0.
Although the realization of such a field-perpendicular
anisotropy would indeed require some sort of dynamic
alignment, the authors did not focus on this type of anal-
ysis, so at this stage we can only mention a plausible,
qualitative connection with our predicted scalings.
Considering an asymptotically weak regime with

δb/B0 ≪ 1 (hereafter “WII”), one can neglect the an-

gle θ̃λ between 〈B〉λ and B0 with respect to θλ (hence,

φubλ ∼ θλ). Since θ̃ is finite for finite δb, we consider

θ̃λ ∼ const ≪ θλ, so that ξλ ∼ ξ0 and thus θλ ∝ λ.7

This case develops eddies that shrink only in the di-
rection defined by λ, i.e., “lasagne”-like sheets (e.g.,
λ ≪ ξ0 < ℓ0 for very oblique AWs; this is reminiscent
of our χ0 ∼ 0.1 simulation). This regime is character-
ized by scale-invariant fluctuations δbλ ∼ const, which
thus produce a spectrum ∝k−1

⊥ , and by the fact that the
cascade never reaches CB (because alignment depletes
the nonlinearities so that τnl,λ ∼ const). In this re-
gard, it is worth mentioning that (rapid) scale-dependent
alignment between δu⊥ and δb⊥ fluctuations (or, anti-
alignment between δz+

λ and δz−
λ ) has been reported to

occur in the −1 spectral range of solar-wind turbulence

7 Note, however, that as θλ decreases with decreasing λ while

θ̃λ ∼ const, there may be a scale λ̃ at which θ
λ̃
≈ θ̃

λ̃
is achieved.

In that case, one could consider φub
λ ≈ const at scales λ < λ̃.
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general standard weak regime moderately weak asymptotically weak
definition scaling without alignment with alignment with alignment

(α ≥ 0) (α = 0, or “W0”) (α = 1, or “WI”) (α → ∞, or “WII”)

θ̃λ ξλ/ℓ0 (λ/ℓ0)1/(1+α) — (λ/ℓ0)1/2 const (≪ θλ)

θλ λ/ξλ (λ/ℓ0)α/(1+α) — (λ/ℓ0)1/2 (λ/ℓ0)

eddies elongated tubes elongated ribbons extended sheets
shape (“spaghetti”) (“fettuccine”) (“lasagne”)

τnl,λ/τA θ−1
λ (λ/ℓ0)(vA/δbλ) Λ

−1/4
0 (λ/ℓ0)

1
2(1+α) Λ

−1/4
0 (λ/ℓ0)1/2 Λ

−1/4
0 (λ/ℓ0)1/4 Λ

−1/4
0 = const

δbλ/vA Λ
1/4
0 θ

−1/2
λ (λ/ℓ0)1/2 Λ

1/4
0 (λ/ℓ0)

1
2(1+α) Λ

1/4
0 (λ/l0)1/2 Λ

1/4
0 (λ/ℓ0)

1/4 Λ
1/4
0 = const

Eδb/(l0v
2
A) Λ

1/2
0 θ−1

λ (λ/ℓ0)2 Λ
1/2
0 (λ/ℓ0)

2+α

1+α Λ
1/2
0 (λ/l0)2 Λ

1/2
0 (λ/ℓ0)

3/2 Λ
1/2
0 (λ/ℓ0)

λCB/ℓ0 τnl,λCB
∼ τA Λ

1+α

2
0 Λ

1/2
0 Λ0 —

λ∗/ℓ0 γt
λ∗

τnl,λ∗
∼ 1 Λ

− 1+α

6(1+2α)

0 S
−

2(1+α)
3(1+2α)

0 — Λ
−1/9
0 S

−4/9
0 Λ

−1/12
0 S

−1/3
0

Table 1
Scalings pertaining to relevant quantities and critical scales when dynamic alignment is included in the weak turbulence regime

(phenomenological derivation; a “∼” relating the various quantities to their scaling is understood). A “0” subscript denotes quantities

evaluated at the injection scale, λ ∼ k−1
⊥ refers to the fluctuation’s wavelength perpendicular to both a scale-dependent mean magnetic

field 〈B〉λ and to the fluctuations δbλ themselves, τA = ℓ0/vA is the Alfvén (“linear”) time, and vA = vA,0 = const is the Alfvén speed.

We have introduced Λ0
.
= εℓ0/v3A ∼ χ2

0M
2
A,0, where ε ∼ ε0 ∼ u2

0/τ0 ∼ χ2
0u

2
0/τA is the energy cascade (and injection) rate per unit mass,

τ0 ∼ τ2nl,0/τA ∼ τA/χ2
0 is the cascade time at the outer scale, and χ0 = τA/τnl,0 and MA,0 = u0/vA are the non-linearity parameter and

Alfvénic Mach number at injection, respectively. Finally, γt
λ τA ∼ S

−1/2
0 (λ/ℓ0)−3/2(δbλ/vA)1/2 is the maximal tearing growth rate

(Loureiro & Boldyrev 2017; Mallet et al. 2017b), where S0
.
= ℓ0vA/η is the Lundquist number evaluated at the outer scale.

by Wicks et al. (2013). This ensemble of aligning fluctua-
tions was measured to constitute the majority of the fluc-
tuations’ population and to be the one responsible for the
resulting −1 spectrum (structure functions show scale-
independent behavior of δb⊥ in that range; their Fig-
ure 1); they were interpreted as “non-turbulent” fluctua-
tions, i.e., belonging to non-interacting (or, weakly inter-
acting) counter-propagating AWs. Despite the fact that
here we do not take into account the effect of imbalance
or residual energy, one may relate the fluctuations’ be-
havior in Wicks et al. (2013) to the basic ideas underlying
our “WII” case. In fact, in order to have dynamic align-
ment, such a population of counter-propagating AWs
have to be shearing one another—and thus have a small,
but finite, amount of nonlinear interactions (i.e., to be in
the asymptotically weak χ≪ 1 regime discussed above).

4.2. Dynamically aligned, weak turbulence meets
reconnection

Given the above scalings, cascading fluctuations should
develop an anisotropy perpendicular to 〈B〉λ that in-
creases significantly faster than the one associated with

a strong cascade (ξ/λ ∝ λ−1 for “WI” and ∝λ−1/2 for
“WII”, instead of ∝λ−1/4 in Boldyrev 2006). At the
same time, turbulent eddies at a given scale live longer for
weaker nonlinearities, leaving more time for tearing in-
stability to grow. Thus, a transition to tearing-mediated
turbulence should occur at larger scales when starting
from a weakly nonlinear regime.
The critical scale λ∗ at which tearing can grow on

top of turbulent eddies is determined by requiring
that the tearing growth timescale is comparable to the
eddy lifetime, γtλ∗

τnl,λ∗
∼ 1. Following Loureiro &

Boldyrev (2017) and Mallet et al. (2017b), we adopt

γtλ τA ∼ S
−1/2
0 (λ/ℓ0)

−3/2(δbλ/vA)
1/2 for the maximal

tearing growth rate, where S0
.
= ℓ0vA/η is the Lundquist

number evaluated at the outer scale. The transition scale
for the general case and for the “WI” and “WII” limits
are provided in Table 1.
The “WI” case can either transition to the

“Boldyrev (2006)-type” of strong turbulence or to

a tearing-mediated cascade: since λ
(WI)
∗ /λ

(WI)
CB ∼

χ
−20/9
0 M

−20/9
A,0 S

−4/9
0 , this means that tearing-mediated
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turbulence will prevail over the critically balanced cas-

cade à la Boldyrev (2006) when χ0 < M−1
A,0S

−1/5
0 .

In this case, one requires only that MA,0 ∼ 0.1 and
S0 ∼ 105 for the transition to the usual critically
balanced cascade to be replaced by a transition to a
tearing-mediated range for any χ0 < 1. On the other
hand, tearing completely replaces the usual CB tran-
sition in case “WII”. For instance, adopting a fixed
Lundquist number S0 across all regimes, one finds that

λ
(WI)
∗ /λ

(CB)
∗ ∼ (χ0MA,0)

−2/9S
8/63
0 and λ

(WII)
∗ /λ

(CB)
∗ ∼

(χ0MA,0)
−1/6S

5/21
0 , where λ

(CB)
∗ /ℓ0 ∼ S

−4/7
0 is the pre-

dicted transition scale in the strong, critically balanced
regime (for χ0 ∼ 1 and MA,0 ∼ 1) (Loureiro & Boldyrev
2017; Mallet et al. 2017b; Boldyrev & Loureiro 2017).
More specifically, using the parameters of our χ0 ∼ 0.5
simulation for case “WI”, we predict a transition scale
that is ≈6 times larger than the corresponding scale in
the strong regime. Analogously, employing the parame-
ters of the χ0 ∼ 0.1 simulation for case “WII”, we find a
transition scale that would be ∼60 times larger than the
one predicted following a cascade à la Boldyrev (2006).

4.3. Conjecture of tearing-driven CB

At this point, one may be tempted to derive the scal-
ings for the tearing-mediated range in the weak regime
by substituting τnl,λ with τ tλ ∼ 1/γtλ in the cascade time8,

so that τλ ∼ (τ tλ)
2 τ−1

A . However, a main feature of the
weak regime, namely that ℓλ = ℓ0 = const, cannot hold
if the cascade is mediated by tearing. This is because
tearing will produce reconnecting magnetic islands and
thereby generate smaller scales in the magnetic-field fluc-
tuations, both in the perpendicular direction (λ and ξλ)
and the parallel direction (ℓλ). How would ℓλ change,
then? Since τ tλ is now the timescale over which δbλ fluc-
tuations are generated at λ < λ∗, it is reasonable to con-
sider that timescale to be the actual transfer time, viz.,
τλ ∼ τ tλ. Therefore, because of the condition τ tλ ∼ τnl,λ
and the fact that τλ ∼ τ2nl,λ/τA holds up to scale λ ∼ λ∗,

it follows that τ tλ ∼ τA,λ (note that τA is not scale-
independent anymore below λ∗). This argument can
explain the reduced number of AW-packet interactions
required to achieve a fully developed turbulent state in
our χ0 ∼ 0.5 and χ0 ∼ 0.1 simulations, viz., N∗

int ∝ χ−1
0

(Figure 1, left-panel inset). This indicates that, at scales
λ < λ∗, CB should be expected to hold. We therefore
conjecture that tearing drives the cascade towards CB
and to the usual −11/5 spectrum of tearing-mediated
turbulence.

5. DISCUSSION AND CONCLUSIONS

Using 3D gyro-fluid simulations, we have investigated
how the turbulent dynamics arising from collisions of
counter-propagating AW packets with different large-
scale nonlinearity parameter χ0 is modified by tearing
instability.

8 Incidentally, this would lead to δb
(W,t)
λ /vA ∼

(εℓ0/v3A)1/3S
1/3
0 (λ/ℓ0), so that the spectrum would be

E
(W,t)
δb ∝ λ3 ∼ k−3

⊥ and the alignment angle at λ < λ∗ would

increase (i.e., fluctuations would misalign) as θ
(W,t)
λ ∝ λ−1 ∼ k⊥.

For strong initial nonlinearities (χ0 ∼ 1), we observe
a regime consistent with dynamically aligned, critically
balanced MHD turbulence (Boldyrev 2006), i.e., fluctu-

ations align accordingly to sin θk⊥
∼ k

−1/4
⊥ , resulting in

a k
−3/2
⊥ spectrum with k‖ ∝ k

1/2
⊥ spectral anisotropy.

Tearing does not appear to modify the cascade, consis-
tent with theoretical expectations given the Lundquist
numbers we are able to afford in our numerical simula-
tions.
As the initial nonlinearities are lowered (χ0 < 1), how-

ever, a spectral break marking the transition between
large-scale weak turbulence and small-scale tearing-
mediated turbulence appears. The presence of a tearing-
mediated range for small χ0 implies that dynamic align-
ment occurs also at weak nonlinearities. In particular,
for these cases the alignment angle shows a stronger scale
dependence than found in the critically balanced regime,

namely sin θk⊥
∼ k

−1/2
⊥ at χ0 ∼ 0.5, and sin θk⊥

∼ k−1
⊥

at χ0 ∼ 0.1: this, combined with the increased lifetime of
turbulent eddies at small χ0, allows tearing to onset and
mediate the cascade at scales larger than those predicted
for a strong MHD cascade. Dynamic alignment in the
weak regime also determines a modification to the large-

scale spectrum, roughly scaling as k
−3/2
⊥ for χ0 ∼ 0.5 and

as k−1
⊥ for χ0 ∼ 0.1.

Regardless of the large-scale nonlinearity parameter,
the emerging tearing-mediated range is consistent with

the predicted k
−11/5
⊥ spectrum and a scale-dependent

(mis)alignment of the fluctuations following something

close to sin θk⊥
∼ k

4/5
⊥ (Mallet et al. 2017b; Boldyrev &

Loureiro 2017; Comisso et al. 2018). These scalings, to-
gether with the fact that in our simulations the number
of AW-packet interactions necessary to achieve a fully
developed turbulent state for these low-χ0 regimes is re-
duced with respect to the weak-turbulence expectation
(viz. ∝ χ−1

0 instead of ∝ χ−2
0 ), support our conjecture of

a “tearing-induced” transition to CB.
A phenomenological theory of dynamically aligned tur-

bulence at weak nonlinearities that can explain these
spectra and the transition to the tearing-mediated regime
is provided. In particular, it is shown that, depending
on the nonlinearity parameter at injection and on the
large-scale Alfvénic-Mach and Lundquist numbers, the
transition to tearing-mediated turbulence may compete
(if not completely supplant) the usual transition to CB;
and that such a transition scale at small nonlinearities
can be larger than the one implied by a critically bal-
anced MHD cascade by several orders of magnitude, if
the Lundquist number of the system is large enough (cf.
Mallet et al. 2017b; Boldyrev & Loureiro 2017; Comisso
et al. 2018). We expect such a shift of the transition
scale λ∗ to scales larger than those implied by a strong
MHD cascade to be a general consequence of the fact
that dynamic alignment occurs also in the weak regime,
regardless of the precise physics of tearing (i.e., resistive
or collisionless); the precise scaling of such a transition
scale, on the other hand, will clearly depend upon the
micro-physics of tearing (e.g., Loureiro & Boldyrev 2017;
Mallet et al. 2017a).
Our results suggest a more complex scenario than

the simplistic picture of weak-to-strong transition in
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Alfvénic turbulence and shed new light on the existence
of different large-scale regimes that coexist with tearing-
mediated turbulence. This may have significant implica-
tions for small-scale dissipation and turbulent heating in
space and astrophysical plasmas. Moreover, depending
on the Lundquist number, a dynamically aligned weak
cascade will undergo a transition to tearing-mediated
turbulence at scales larger than the scales at which a
standard weak cascade would meet the usual CB condi-
tion. Because this implies that a cascade in k‖ is real-
ized earlier in k (and with larger fluctuation amplitudes),
our new scalings may have significant implications on the
scattering efficiency of cosmic rays in astrophysical envi-
ronments in which Alfvénic turbulence is injected with
small nonlinearities and/or at small Alfvénic-Mach num-
bers (e.g., Chandran 2000; Yan & Lazarian 2002, 2008;
Fornieri et al. 2021; Kempski & Quataert 2022).
Finally, our results and the basic ideas underlying our

new scalings can be viewed in connection with in-situ
measurements of solar-wind turbulence. For instance, a
(rapid) scale-dependent alignment between δu⊥ and δb⊥
fluctuations (or, anti-alignment between δz+

λ and δz−
λ )

has been reported to occur in the large-scale −1 range
of solar-wind turbulence by Wicks et al. (2013). In par-
ticular, it was shown that such an ensemble of aligning
fluctuations constitutes the majority of the fluctuations’
population, and that they are responsible for the result-
ing −1 spectrum (viz., structure functions reveal a scale-
independent behavior of δb⊥ in that range); these fluctu-
ations were interpreted as “non-turbulent” fluctuations
belonging to quasi-non-interacting, counter-propagating
AWs. Since a finite, whatever small, amount of nonlinear
interactions is required to occur for counter-propagating
AWs to be shearing one another and induce dynamic
alignment, we suggest that this may be the case for the
aligning population observed by Wicks et al. (2013), thus
potentially pertaining to an asymptotically weak (χ≪ 1)
regime as discussed in our scalings (§4.1, case “WII”).
Another intriguing piece of in-situ measurement is the
one recently taken by Parker Solar Probe within the mag-
netically dominated corona (Kasper et al. 2021). Among
other features, the magnetic-field spectrum in that re-
gion exhibits a transition between a −3/2 range and a
steeper ≈ −2.2 slope occurring at scales (frequencies)
much larger (smaller) than the ion characteristic scales
(frequencies), which may be a hint of a potential large-
scale, tearing-mediated range. While further studies are
definitely needed to investigate the fluctuations’ prop-
erties across this transition (e.g., estimated strength of
nonlinearities, spectral anisotropy, etc.) in order to un-
derstand what type of transition we are observing, our
theory in the moderately weak regime (§4.1, case “WI”)
provides an alternative scenario to interpret the measure-
ments by Kasper et al. (2021).
While the underlying processes highlighted by the

above in-situ spacecraft measurements may be the same
on which our scalings are founded (namely, dynamic
alignment in the weak regime, followed by a large-scale
transition to tearing-mediated turbulence), we caution as
a final remark that these connections are purely concep-
tual, as our theory does not take into account imbalance
or residual energy. With these being outside the scope
of the current work, a more detailed theory that also in-

cludes these effects will be explored in a following paper.

We gratefully acknowledge access to the Stellar cluster
at the PICSciE-OIT TIGRESS High Performance Com-
puting Center and Visualization Laboratory at Prince-
ton University, where the main simulations and analysis
were performed. Computations were also performed on
the “Mesocentre SIGAMM” machine, hosted by Obser-
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